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Preliminary Remarks 

It is a classical fact that there is no Riemann mapping theorem in the func- 
tion theory of several complex variables. Indeed, H. Poincare proved in 1906 
that the unit ball B = {z = (zi,z 2 ) G C 2 : \z\ = \zi\ 2 + \z 2 \ 2 < 1} and 
the unit bidisc D 2 = {z = (zi,z 2 ) G C 2 : \z\\ < 1, \z 2 \ < 1} are biholo- 
morphically inequivalent. More recently, Burns/Shnider/Wells [B S Wj and 
Greene/Krantz |GRKlj have shown that two smoothly bounded, strongly 
pseudoconvex domains (definitions to be discussed below) are generically bi- 
holomorphically inequivalent. In particular, if one concentrates attention on 
smoothly bounded domains that are near the unit ball in some reasonable 
metric then, with probability one, two randomly selected domains will be 
biholomorphically inequivalent. Thus one seeks substitutes for the Riemann 
mapping theorem. In particular, one seeks to classify domains in terms of 
geometric invariants. Work of Fefferman [FEF , Bell [BEL , Bell/Ligocka 
[BELT , and others has shown us that a biholomorphic mapping of a reason- 
able class of smoothly bounded domains will extend to smooth diffeomor- 
phism of the closures. [More recently, McNeal jMCNj has announced that a 
biholomorphic mapping of any smoothly bounded domains will continue to 
a diffeomorphism of the closures.] 

Thus it is possible, at least in principle, to carry out Poincare's original 
program of determining differential biholomorphic invariants on the bound- 
ary. Chern and Moser CUM did the initial work in this direction. (See also 
|TANj . ) More recent progress has been made by Webster IWEB1), Moser 
|M0S1| and |MOS2j . Moser and Webster jMOWj . Isaev/Kruzhilin jlSK] . and 
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Ejov/Isaev jEJlj . Another direction, also inspired by Poincare's work, is to 
study the automorphism group of a domain. This is a natural biholomorphic 
invariant, and reflects the Levi and Bergman geometry of the domain in a va- 
riety of subtle and useful ways. The purpose of this paper to is develop some 
techniques connected with the study of automorphism groups of bounded 
domains in C n+1 . In particular, we wish to focus attention on a powerful 
technique that has become central in the subject. This is the method of 
scaling. A special case of a general technique in differential geometry known 
as flattening, scaling is a method for localizing analysis near a boundary 
point. This method has been used with considerable effectiveness to study 
not only automorphism groups QPINJ, [FRAJ, [GRK2 ) but also canonical 
kernels ( NRSWJ, KRA2J) and other aspects of classical function theory. It 
is a far-reaching methodology that has potential applications in many parts 
of mathematics. We exhibit in this article several different contexts and ap- 
plications in which the scaling point of view is useful. For our purposes, the 
theory of automorphism groups is a convenient venue in which to showcase 
the scaling technique. But it should be of interest to mathematicians with 
many diverse interests. 

1 Introduction 

By a domain, we mean a connected open subset in C n+1 for some positive 
integer 1 n. Throughout this paper, we shall use z = (zq, Z\, . . . , z n ) for the 
coordinates of a point in C n+1 . 

Let Q be a domain. If its boundary dQ is a regularly imbedded C k - 
hypersurface {k > 2), then there exists a C k smooth function p : C n+1 — > R 
such that 

(i) Q = {ze C" +1 : p(z) < 0} 

(ii) Vp(p) 7^ whenever p £ dQ. 

In such Q is called a domain with C k smooth boundary. In turn, p is 

called a C k smooth defining function for Q. Now fix a domain Q C C™ +1 with 

C 2 boundary and defining function p. Let p £ dQ. We say that w £ C n+1 is 
1 It is notationally convenient in this study to treat domains in C n+1 rather than C n . 
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a complex tangent vector to dfl at p if 



Eop 
— (p)w J= 0. 

j=0 ■? 

We write w G T p (dQ). [Observe that w is a rea/ tangent vector, which is the 
classical notion of tangency from differential geometry, if Re ^j=o §§~(p) w j = 
0. We write in this case w G T p (dQ).] The complex normal directions are the 
directions in T p (dfl) which are complementary to Tp(dQ). 
We say that dQ is (weakly) Levi pseudoconvex at p if 



E 



d 2 p 

{p)WjWk > (*) 



dzj&Zk 



for every complex tangent vector u> at p. The point p is strictly or strongly 
pseudoconvex if the inequality in (*) is strict whenever / w 6 7^(<9fi). If 
each point of dQ is pseudoconvex then the domain is said to be pseudoconvex; 
if each point of dQ is strongly pseudoconvex then the domain is said to be 
strongly pseudoconvex. We note in passing that there is a more general 
notion of pseudoconvexity due to Hartogs, and which utilizes the theory of 
plurisubharmonic functions. We shall have no use for that concept here, but 
see [KRAI . It is worth noting (see jKRAlj ) that if p G dQ is a point of 
strong pseudoconvexity then there is a choice of defining function p so that 

n+l O o~ 

— - o z p 



£ d^k {p)w > Wk > 
— i 



for every w G C n+1 \{0} (not just the complex tangential w). In fact one may 
go further. There is a biholomorphic change of coordinates in a neighbor- 
hood of p so that the boundary near p is strongly convex. This means that, 
identifying Zj = £23-1 + itzj, and choosing an appropriate defining function 
p, we have 

o z p 



E 



(p)aja k > 



for every non-zero real vector a = (g^, 02, ... , a,2 n )- Again see |KRAlj for the 
details. 
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2 The Lore of Automorphism Groups 



Let Q C C n+1 be a domain. The automorphism group of Q is the collection 
of one-to-one, onto holomorphic mappings tp : Q — > Q. It is known that 
the inverse y? -1 is automatically holomorphic. See |KRA1| . Such a mapping 
is also called a biholomorphic self-map of f2. With the binary operation of 
composition of mappings, the collection of automorphisms forms a group. We 
denote this group by Aut(f2). We equip the automorphism group with the 
topology of uniform convergence on compact sets, equivalently the compact- 
open topology. If we restrict attention to bounded domains — and in this 
paper we, for the most part, do just that — then the group Aut (ft) is in 
fact a real Lie group (this follows from work of H. Cartan — see [KOBlJ). It 
is never a complex Lie group unless it is discrete. Of special interest are 
domains having a large or robust group of automorphisms. It is known (see 
[BSW , [GRKlJ that strongly pseudoconvex domains which are rigid — i.e., 
which have no automorphisms except the identity — are generic. On the other 
hand, every compact Lie group arises as the automorphism group of some 
bounded, strongly pseudoconvex domain with real analytic boundary (see 
jBDAj . jSAZAj . |GRK4| and [WINj ). It seems natural, for example, to study 
a domain with transitive automorphism group — this is a domain Q with the 
property that if P, Q G Q are arbitrary then there is an automorphism ip of 
Q such that (p(P) = Q. It turns out that the list of such domains is rather 
restrictive; our knowledge of such domains is essentially complete (see |HELj , 



jHUC] ). 2 Perhaps geometrically more natural is to consider domains with 
noncompact automorphism group. A very natural and useful characterization 
of such domains is contained in the following classical result of Cartan (for 
which see jNARj ): 

Proposition 2.1 Let Q C C n+1 be a bounded domain with noncompact 
automorphism group. Then there are a point p G dQ, a point q G Q, and 
automorphisms ipj G Aut (ft) such that (pj(q) — > p as j — > oo. See Figure 1. 

The point p in the proposition is called a boundary orbit accumulation 
point. It is known, in a variety of concrete senses, that the Levi geometry 
of a boundary orbit accumulation point says a great deal about the domain 
itself. And conversely. See [GRK5 , [GRK6j. It is a matter of great interest 

In fact the only strongly pseudoconvex domain with transitive automorphism group 
is the ball. This remarkable fact will be discussed below. 



4 



Figure 1: Cartan's lemma about noncompact automorphism groups. 



today to classify all possible boundary orbit accumulation points. An impor- 
tant focus of our studies will be (bounded) domains in C n+1 with noncompact 
automorphism group and their boundary orbit accumulation points. Much 
is known today about automorphism groups of domains. In classical studies, 
mathematicians calculated the automorphism groups of very particular do- 
mains rather explicitly (see, for instance, the discussion in |KRAlj as well as 
[HUA ). Today we have more powerful machinery (the <9-Neumann problem, 
sheaf theory, Levi geometry, Lie group methods, techniques of Riemannian 
geometry, Kahler theory) that allow us to make qualitative studies of broad 
classes of domains. The papers |GRK3j and |IKRj provide a broad overview 
of the types of results that can be proved with modern techniques. The 
present paper will introduce the reader to some of the main themes in the 
subject. 



3 The Dilatation and Scaling Sequences 

At this stage, we shall only consider the case when the boundary dfl is 
C k smooth, with k > 2, in an open neighborhood of p G dQ. Let q u = 
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(Qo > • • • ) In) be a sequence of points in the closure Q of the domain that 
converges to the boundary point p = (p , . . . ,p n ). 

3.1 Pinchuk's Dilatation Sequence 

We refer to the source PIN ] for basic ideas about Pinchuk scaling. Applying 
a holomorphic coordinate change and the implicit function theorem at p, we 
may assume that p is the origin and the domain Q is represented in an open 
neighborhood of the origin by (i.e., has a defining function given by) the 
defining inequality 

Re^o > ip{lmz ,zi, . . .,z n ), 

where: 

(i) e C k , 

(ii) ^(0, ...,0) = 0, and 

(iii) VV| (0) ...,o) = (0,..-,0). 

We take (—1, 0, . . . , 0) to be the unit outward normal vector at p. Now 
choose the boundary points p v = (p%, . . . ,p^) satisfying 

(i) p U j = for every j = 1, . . . , n, and 

(ii) q» - pi > 

for every v — 1, 2, Observe that each p v is uniquely determined by these 

conditions. See Figure 2. 

Then consider the map A v : C n+1 — > C n+1 defined by ( = A v (z) in local 
coordinates with the explicit expression 

n+l 

Co = ^(zo-PoO-E^-^) 

Ci = z x - p\ 

Cn z n P n ■ 

See Figure 3. 
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Figure 2: A scaling sequence. 




Here the complex constants ckq, . . . , a v n are chosen so that ckq — > 1 and 
aJJ, — > as 1/ — > oo for m = 1, . . . ,n, and such that the domain A„(f2) is 
represented in a neighborhood of the origin by a new C k defining inequality 

Re Co > ^(ImCo,Ci,---C 2 ) 

satisfying 

tt„(0, . . . , 0) = and Vtt v | o = (0,...0). 

The next step is to consider a sequence of linear maps L v : C n+1 — > C n+1 
defined by 

t (r r \ - ( ^ 

^iASOj • • • ! Sn) ^ y, , y„ , ■ ■ ■ , ^ v J , 

where 

\ V V V 

\=%~ Po 

for each v — 1, 2, . . .. The sequence of complex affine mappings A u := L v oA v 
is the dilatation sequence introduced 3 by S. Pinchuk. The choice of \\, . . . , 
is an important step in the setup of the dilatation sequence. However, for 
the sake of smooth exposition, it seems the best to postpone the explication 
until we handle the Wong-Rosay Theorem (our first important application) a 
bit later in the paper. It should be noted that Pinchuk's dilatation sequence 
can be defined for a domain with boundary that is not necessarily smooth 
near the reference boundary point p. 

3.2 Pinchuk's Scaling Sequence with Automorphisms 

Let O be a domain in C n+1 with C fc -smooth boundary d£l, k > 2. Let p be 
a boundary point and q v be a sequence of points in Q converging to p as 
v tends to infinity. Here we consider the important special case when the 
sequence q v is given by q v = ip v (q), where q is a point in Q and where tp u is 
a holomorphic automorphism of Q, for each v — 1, 2, . . .. Let the dilatation 
sequence A u : Q — > C n+1 be as above, associated with the point sequence q v . 
Then the scaling sequence introduced by S. Pinchuk is the following sequence 
of maps: 

<7„ := K o (p v : Q -> <C n+1 . 

Once the sequence tp v of automorphisms of Q and a point q G Vt is given, 
the orbit (p v (q) and the affine adjustments A u , which we call the centering 

3 Pinchuk originally named it the stretching coordinates. 
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maps, are defined. The only part of the scaling that needs to be chosen is 
the sequence of dilating linear maps L u . The crux of the matter is to choose 
L v appropriately so that 

(i) the a v form a pre-compact normal family, and 

(ii) a subsequential limit, say a, defines a holomorphic embedding of Q into 
C n+1 . 

We shall see how such a simple idea produces significant results in the sub- 
sequent sections. On the other hand, it is not known whether such a choice 
is always possible so that the scaling sequence converges. 

3.3 Frankel's Scaling Sequence 

Before discussing the effect of the scaling method, it should be mentioned that 
there is another way of constructing a scaling sequence. With the same ip u 
and q as above, S. Frankel in his Ph.D. dissertation introduced the sequence 

u v {z) = [dif^q^if^z) -<p v (q)). 

Notice that each u v embeds Q into C n+1 . ^From the viewpoint of Pinchuk's 
scaling, one may see that the differences between the two scaling methods 
are: (1) that the reference points <p v (q) are in the interior of Q, and (2) that 
the sequence df u (q)~ 1 replaces the role of centering followed by dilation. 
In the scaling methods, the most delicate and important issues lie in the 
convergence of the scaling sequence to a biholomorphic embedding of the 
domain. One would also like to be able to guarantee that the limit mapping 
is injective. In the ensuing discussion we shall invoke the notion of Kobayashi 
hyperbolicity. This is an invariant version of the idea of boundedness. A 
domain Q or, more generally, a complex manifold is Kobayashi hyperbolic 
if the Kobayashi distance (see (KRAlj ) is positive on Q. The collection of 
Kobayashi hyperbolic manifolds is broad. For example, any bounded domain 
is hyperbolic. Moreover, the upper half-plane {z G C | Imz > 0} and the 
Siegel upper half-space {z G C n+1 | Imz > \ z i\ 2 + • • • + \z n \ 2 } are Kobayashi 
hyperbolic. 

Theorem 3.1 (Frankel [FRjj l Let be a convex, Kobayashi hyperbolic 
domain in C n+1 . For any sequence tp v of automorphisms of Q and a point 
q G Q, the sequence of maps defined by 

U) v (z) = [rf^(g)]~ 1 (^(z) - <p v {q)) 
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forms a pre-compact normal family, in the sense that its every subsequence 
has a subsequence that converges uniformly on compact subsets of fl. More- 
over, every subsequential limit is a holomorphic embedding of fl into C n+1 . 

Notice that, from the viewpoint of this article at least, this theorem is 
most interesting when (p v {q) accumulates at a boundary point. On the other 
hand, it turns out, due to work of Kim and Krantz [K IKlj . that Pinchuk's 
scaling sequence can be selected to have the same conclusion in case the 
domain is convex as in the hypothesis of this theorem. Furthermore, the two 
scaling methods are indeed equivalent. More precisely the following has been 
shown: 

Proposition 3.2 In addition to the hypothesis of Frankel's theorem above, 
assume that the sequence ip u (q) accumulates at a boundary point of fl as 
v — ► oo. Let o v denote Pinchuk's scaling sequence. Then we have the 
following conclusion: 

(i) Every subsequence ofo v admits a subsequence that converges uniformly 
on compacta to an injective holomorphic mapping of fl into C n+1 . 

(ii) Let fl denote the limit domain of the Frankel scaling, and let fl the 
limit domain of the Pinchuk scaling. Then these two domains are 
biholomorphic to each other by a complex afhne linear map. 

3.4 Normal Convergence of Sets 

We present the concept of Caratheodory kernel convergence of domains which 
is relevant to the discussion of scaling methods and general normal family of 
holomorphic mappings. For more detailed discussions on this convergence, 
see p.76 of |DTJR| . 

Definition 3.3 (Caratheodory Kernel Convergence) Let fl u be a se- 

oo 

quence of domains in C" +1 such that p G fl u . If p is an interior point of 

oo 

fl u , the Caratheodory kernel fl at p of the sequence {fl u } is defined to 

be the largest domain containing p having the property that each compact 
subset of fl lies in all but a finite number of the domains fl u . Up is not an 
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interior point of [J Q u , the the Caratheodory kernel fl is {p}. The sequence 

Vty of domains is said to converge to its kernel at p if every subsequence of 
Vl v has the same kernel at p. 

We shall also say that a sequence VL U of domains in C n+1 converges 

oo 

normally if there exists a point p G O Vt u such that fi^ converges to its 

v+1 

Caratheodory kernel at p. 

The motivation for this notion can be seen in the following proposition. 
We omit the proofs, as they are routine. 

Proposition 3.4 Let fl u form a sequence of domains in C ra+1 that converges 
normally to the domain Q. Let W G C m be a Kobayashi hyperbolic domain. 
Then every sequence of holomorphic mappings f u :Q u ^W contains a sub- 
sequence that converges uniformly on compacta to a holomorphic mapping 
f : Q —> W. Furthermore, if {g u : W — > Q u } forms a pre-compact normal 
family, then every subsequential limit, say g, has its image contained in the 
closure of Q. 

It may be appropriate to remark that the topological set convergence such 
as a version of local Hausdorff convergence can replace the normal conver- 
gence in case the domains in consideration are convex domains. 

4 Domains with Noncompact Automorphism 
Group 

4.1 The theorem of Bun Wong and Jean-Pierre Rosay 

Theorem 4.1 (Wong [WON,, Rosay |R()Si| ) Let Vt be a bounded domain 
in C n+1 with a sequence of automorphisms <p u and a point g 6 O such that 
lim^oo <p u {<l) — P for some p G dQ. If dQ is C 2 strongly pseudoconvex in 
a neighborhood U of p, then Q is biholomorphic to the unit open ball B in 
C n+1 . 

Theorem 4.2 (Wong [WON ) Every smoothly bounded domain in C n+1 
with transitive automorphism group is biholomorphic to the unit open Eu- 
clidean ball in C n+1 . 
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Proof of the Wong-Rosay Theorem by the Method of Scaling. This proof is 
essentially due to S. Pinchuk. It consists of four typical steps for a scaling 
proof: (1) preparation, (2) localization, (3) dilatation, and (4) synthesis. 

Step 1. Preparation. Without loss of generality, let us assume that p 
is the origin in C n+1 . Since fl is strongly pseudoconvex at the origin, we 
may perform a holomorphic coordinate change at the origin so that in an 
open Euclidean ball -8(0, lOr) of radius lOr centered at the origin, the set 
Q fl B(0, lOr) can be defined by an inequality 4 

p(z) < 

where 

p(z) = -Re^o + \z \ 2 + • • • + \z n \ 2 + R(z) 
and (using Landau's notation) 

R(z) = o(\z \ 2 + ... + \z n \ 2 ). 

In particular, choosing r > smaller if necessary, we may arrange that 

\R{z)\ < ^(\z \ 2 + . . . + \z n \ 2 ) VzeB{0,2r) 
and that the boundary dfl is now strongly convex in -5(0, 2r). 

It may be appropriate to remark at this juncture that a C°° smooth, 
strongly pseudoconvex boundary has a 4-th order contact with a sphere. 
(See Fefferman jFEFj . and also jHUEj.) 

Step 2. Localization. As a consequence of the preceding step, we see that 
there exists a holomorphic function h : -8(0, 2r) — > C such that 

h(0) = 1 and \h(()\ < 1 for every ( e Hn 5(0, 2r) \ {0}. 

Now look at the automorphisms (f u of Q. Since Q is a bounded domain, every 
subsequence of ip u admits a subsequence that converges to a holomorphic 
mapping from Q into the closure Q of fl, uniformly on compact subsets. Let 

4 This is a concrete implementation of the statement, discussed earlier, that a strongly 
pseudoconvex point may be convexified by a biholomorphic mapping. 
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$ be a subsequential limit of a subsequence ip Vk . Since = and since 
$ : f2 — > Q is holomorphic, we may exploit the uniform convergence on 
compact subsets to see that there exists a relatively compact neighborhood 
U, say, of q such that ip Uk (U) C 5(0, 2r) n for all sufficiently large k. Then 
consider h o (f Uk \u '■ U — > -D, where D denotes the unit disc. This yields 
now that /i o $(0) = 1. Hence the Maximum Modulus Principle implies 
that $(z) = for every z G U. Since U contains a non-empty open set, we 
conclude that $ vanishes identically in Q. We may now deduce, replacing 
{(fiu} by one of its subsequences, that for every compact subset K of Q there 
exists a positive integer iV such that 

<p v (K) C B(0;r)nn 

whenever v > N. 

Step 3. Dilatation. Consider now the sequence ip v (q) in £1. Let q v = 

(fi u (q) for each v. Choose the boundary point p v as in the construction of 
Pinchuk's dilatation sequence above. Then choose the centering map A v 
and the dilation map L v as above for each v. We may examine Pinchuk's 
dilatation sequence A u := L u o A v . It is a simple matter to check that the 
sequence of domains A V (Q n U) converges normally to the domain 

V = {(z , . . . , z n ) E C n+1 : Re^o > ki| 2 + • • • + \z n \ 2 }- 

Moreover, one may replace tp v by a subsequence again to have that 

A„(Q n U) C £ V v sufficiently large, 

where 8 = {(z Q , . . . , z n ) e C n+1 :Rez > ±(\ Zl \ 2 + ... + \z n \ 2 )}. 

Step 4. Synthesis via Normal Families. Take a sequence W u of relatively 
compact subdomains of Q satisfying 

W v C W v+1 for every v — 1,2,... 

and 

oo 

\Jw v = n. 
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Consider now the scaling sequence a v = A u o ip u . Choosing a subsequence, 
we may assume that 

ip v (W v ) C(ln5(0,r) 

for every v = 1,2,.... Then by the preceding step, the scaling sequence 
a u :=A u oif u \ w forms a normal family for every \x as v — > oo. Notice also 
that, for every compact subset K' of V, the sequence ex" 1 maps K' into Q for 
sufficiently large Altogether, one sees that any subsequential limit of the 
scaling sequence becomes a biholomorphic mapping from Q onto V. Since V 
is biholomorphic to the unit open ball, the theorem is now proved. □ 

4.2 Domains with Piecewise Levi-Flat Boundary that 
Possess Noncompact Automorphism Group 

The main theorem of this section is the following: 

Theorem 4.3 (Kim-Krantz-Spiro [KKSJ) Every generic analytic polyhedron 
in C 2 with noncompact automorphism group is biholomorphic to the prod- 
uct of the unit open disc in C and a Kobayashi hyperbolic Riemann surface 
embedded in C 2 . 

A clarification of some terminology is in order. By an analytic polyhedron 
in C n+1 , we mean a bounded domain, say Q in C n+1 , admitting an open 
neighborhood U of the closure Q of Q and a finite collection of holomorphic 
functions fj-.U—>C,j = l,...,N, such that 

n = {zeC n+1 -.\f 1 (z)\<i,...,\fN(z)\<i}. 

The collection . . . , f N } is usually called a defining system for Q. The 
choice for defining system is not unique. An analytic polyhedron is called 
generic (or, normal), if it admits a defining system {/i,...,/jv} satisfying 
the following additional condition: 

df h \ P A ■ ■ ■ A df ik \ p ^ 

whenever the condition 1/^(^)1 = ... = |/» fc (p)| = 1 holds for any un- repeated 
indices i%, . . . , ik G {1, . . . , iV}. We restrict our attention as usual to the 
bounded analytic polyhedra. By a theorem of H. Cartan mentioned earlier, 
the automorphism group of our analytic polyhedron is a finite-dimensional 
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Lie group. The non-compactness of the automorphism group is therefore 
equivalent to the existence of a sequence <p u G Aut fi and a point q G fi such 
that the point sequence <p v (q) accumulates at a boundary point. 

Notice that Theorem 14.31 improves the following results: 

Theorem 4.4 (Kim-Pagano s KIP]) Let fi be a generic analytic polyhedron 
in C 2 with noncompact automorphism group. Then the holomorphic univer- 
sal covering space of fi is biholomorphic to the bidisc. 

It is worth mentioning the following theorem. It concerns only convex 
analytic polyhedra, but is valid in all dimensions. 

Theorem 4.5 (Kim [Kllj) Every convex generic analytic polyhedron in 
C n+1 with noncompact automorphism group is biholomorphic to the product 
of the unit open disc in C and a convex domain in C" . In particular, in case 
n = 1, the product domain is biholomorphic to the bidisc. 

Sketch of proof. We treat all three theorems simultaneously. Let fi be a 
generic analytic polyhedron in C™ +1 with noncompact automorphism group. 
Then there exist a boundary point p G <9fi, an interior point q G fi and a 
sequence (fj G Aut fi such that lim^oo (fj(q) = p. Since the boundary of 
fi is piecewise Levi flat, we divide the proof of each theorem above into the 
following two cases: (1) the case that boundary <9fi is singular at p, and (2) 
the case that boundary <9fi is smooth and Levi flat in a neighborhood of p. 

Case 1. The boundary <9fi is singular at p. 

Recall that our domain is a generic analytic polyhedron. In complex 
dimension 2, therefore, it is possible to choose a defining system /i, . . . , 
such that there exist exactly two functions, say fi, fa (shuffling the indices if 
necessary), such that |/i(p)| = |/i(p)| = 1 with dfi\ p A df 2 \ p ^ 0. Hence it is 
simple to realize that there exists a plurisubharmonic 5 function ip defined in 
an open neighborhood of the closure of Q such that 

ipip) = 0, and ip(z) < for every z G fi \ {p}. 

5 A real-valued continuous function ip : fl — > M defined in a domain in C n is called 
plurisubharmonic if it is subharmonic when restricted to any complex affine line. See 
[KR All. 
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Such a function is called a plurisubharmonic (psh for short) peak function 
for Q at p. The maximum modulus principle immediately implies in partic- 
ular that there are no non-trivial analytic varieties in dQ passing through 
p. Moreover, it is known that the following localization principle holds (see 
[BER], and also |BYGK| for detailed arguments, for instance): 

Let U be an open neighborhood of p. For every compact subset K of Q, 
there exists a positive integer jx such that <Pj{K) C U for every j > jx- 

Now, using the mapping (f\, f'2) : U — > C 2 followed by a linear fractional 
mapping of C 2 , one can construct a biholomorphism-into \& : U — > C 2 with 
*(p) = (0, 0) and f([/nfi) = f(£/)n V 2 where 

V 2 = {(z ,zx) e C 2 : Re 2 > 0,Re Zl > 0}. 

Let us write *ff(<pj(q)) = (i^o, t^i). Then consider the dilatation sequence 

_ f zo - Imtj.o Zt - Imtj^i 
A ^ Z ^-{ Ret h0 ' Ret hl 

Finally, consider the scaling sequence 

<Tj := Ajo^o (p d 

for j = 1,2,.. .. It still requires some checking, but it follows that a subse- 
quential limit of this sequence gives rise to a biholomorphic mapping from 
Q onto the domain H 2 which is in turn biholomorphic to the bidisc. Thus 
Theorems 4.3 and 4.4 are proved in this case. For Theorem 4.5, one takes 
into consideration that Q is a convex domain in C n+1 . Note that every com- 
plex analytic variety contained in a convex Levi-flat hypersurface is an open 
subdomain of a complex affine hyperplane. Now choose a defining system 
f ,...,f N so that 

fo(p) = ■■■ = Hp) = 1, \fk+i(p)\ <!,-••, \f N {p)\ < 1 

and 

dfi\ p A ■ ■ ■ A df k \ p ^ 0. 

The maximal variety in the boundary of Q passing through p is represented 
by 

V p = {ze C n+1 : f (z) = ... = f k (z) = 1, \f k+1 (z)\ < 1, . . . , < 1}. 
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Notice that dim c V p = n — k. It is possible that n — k, and consequently 
that V p is a single point. But it is always the case that k > 0. Then one may 
use the mappings fo, ■ ■ ■ , fk to see that there exists an open neighborhood, 
say W, of V p such that there exists a holomorphic embedding \1> : W — > C n+1 
such that 

(a) ty(V p ) = {(0, . . . , 0; ) e C n+1 : (z k+1 , ...,z n ) G Q'}, where 
Q' is a convex domain containing the origin in C n_fc , and 

(b) V(W n O) = V(W) n C/ where 

U = {z £ C n+1 : Re^o > 0,...,Rez fc > 0, (z fc+1 , . . . , z n ) € fi'}. 

Write ^ o y?j(g) = (t Ji0 , . . . , tj 5 „) and then consider the dilatation map 

Again it follows that a subsequential limit of the sequence 

(Tj := AjO^Jo cpj 

gives rise to a biholomorphic mapping from Q onto U which in turn is bi- 
holomorphic to the product of a k + 1 dimensional polydisc and the domain 
Q' in C n ~ k . This proves Theorem 4.5 in the present case. 

Case 2. The boundary dVt is smooth and Levi flat at p. This case is easier 
to handle when is convex, even when dim C n+i Q = n + 1 for an arbitrary 
non-negative integer n. Consider the maximal variety V p in the boundary 
dQ passing through p. As argued earlier, it follows that V p is a convex, open 
subset of a complex affine hyperplane. By a complex afline linear change of 
coordinates, say by an afline linear biholomorphism ip : C" +1 — > C n+1 , we 
may assume that ip{p) = 0, that i/)(V p ) C {(z , . . . ,z n ) : z = 0} and that 
the domain f2 at p is contained in the half-space defined by the inequality 
Re^o ^ 0. Now we apply the scaling method as before. Let ip o <Pj(q) = 
(tjfl, . . . , tj t n). Then define the dilatation mapping by 

l\.j{Z , . . . , Z n ) — I — — , Zl, . . . , Z; 
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Then it turns out that the scaling sequence 

<jj := Aj o if) o ifj 

yields a subsequential limit which becomes a biholomorphic mapping from Q 
onto the product of the upper half plane in C and the n-dimensional convex 
domain C n+ . This completes our sketch of the proof to Theorem 4.5. 

In case the analytic polyhedron is merely generic, and not necessarily 
convex, the situation is much more complicated. Thus it is natural that one 
focuses on the case of complex dimension two. 

Then the maximal variety V p is a Riemann surface that is Kobayashi 
hyperbolic. The uniformization theorem of Riemann surface theory yields a 
holomorphic covering map tt : D — > V p from the open unit disc D in C onto 
V p . Then extend it trivially to the map tt(zi,z 2 ) = (n(zi), z 2 ). Since the 
normal bundle for V p in C 2 is trivial, one may take an open neighborhood U 
for V p in C n+1 in such a way that Q fl U is connected and that tt gives rise to 
a local biholomorphism, say tt, from an open neighborhood of D x {0} onto 
U. One can arrange also that 7r (0, 0) = p. 

Then consider the domain Q\ oc which is a connected component of 7r _1 (f2n 
U) containing the origin. Then take a lifting of the sequence <fj(q) via tt. 
There are many liftings. Choose therefore one that converges to the origin 
(0, 0) for instance. Now build a dilatation mapping Aj for Q, formally the 
same as in the convex case (with an adjustment; see [KK5j for details), with 
respect to the sequence chosen here. Then it turns out that the sequence of 
mappings 

(fj l O TT O Aj 

yields a subsequential limit, say from the product D x H of the open 
unit disc D and the half-plane i? = {zGC:Rez>0} onto our generic 
analytic polyhedron Q. Using normal families arguments, it is not hard to 
deduce that \1/ is a holomorphic mapping with its Jacobian vanishing nowhere 
on D x H. Moreover, it turns out that this map preserves the Kobayashi- 
Royden infinitesimal metric. Therefore it preserves the Wu metric (see below) 
as well. 

The Wu metric (see jWU]) here can be quickly understood as follows. 
At each point p of a Kobayashi hyperbolic domain G in C n+1 , consider the 
tangent space T p G and the collection of vectors with Kobayashi length not 



18 



exceeding 1. This set is sometimes called the Kobayashi indicatrix at p. 
Endow T p G with an arbitrarily chosen Hermitian inner product. (This choice 
of Hermitian inner product is neither unique nor natural, but it will not 
cause any problems at the end.) Then consider the ellipsoids, say E = Eh, 
in T p G(= C n+1 ) given by 

E H = {ve C n+1 : v*Hv < 1} 

where if is a positive definite Hermitian (n + 1) x (n + 1) matrix and where 
v* denotes the conjugate transpose of v. Denote by Q the set of such E H 
containing the Kobayashi indicatrix. Then take 1 / (det H) as the volume of 
Eh- Then it turns out that the element in Q with the smallest volume is 
uniquely determined, regardless of the choice of the Hermitian inner product 
on T p . See |WUj . Now let this minimum volume ellipsoid define a Hermitian 
inner product, say h p , on T P G. The assignment p t— > h p defines the Wu metric 
on G. It is immediate from the invariance of the Kobayashi metric that the 
Wu metric is invariant under biholomorphic maps. It is obviously Hermitian, 
in the sense that it defines a Hermitian inner product on each tangent space. 
It has been shown that p t— > h p is C° (continuous) in general. 

Now since the Wu metric /^dxd, say, of the bidisc D x D is real- analytic, 
so are the Wu metrics fi£> X H of D x H and of Q, respectively, since 
^*h<DxH = hn- Since the Kobayashi metric of Q is complete, so is the Wu 
metric h^. At this point, one may apply the proof of the Cartan-Hadamard 
Theorem in Riemannian Geometry to conclude that ^ : D x H —>■ Q is indeed 
a covering mapping. This yields Theorem 14.41 

Finally, for Theorem 14.31 one has to analyze the covering mapping \1/ as 
well as its deck transformation group more precisely. Although we are omit- 
ting the details here, it should not be difficult for the reader to see that the 
constructions for tt as well as n will reflect the nature of the covering map 
7i : D — ► V p without any essential changes. Hence it was shown in KKS 
through a careful analysis that indeed Q is biholomorphic to the product of 
the open unit disc and the maximal variety V p , and that the deck transforma- 
tion group r^, for the covering mapping \1/ : D x H — ► Q is in fact T n x {id}, 
where r„- denotes the deck-transformation group for the uniformization map 
Ti : D —>■ V p . This is how Theorem 14.31 follows. □ 
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Figure 4: Order of contact at a strongly pseudoconvex point. 



Notice that this analysis gives a rather complete classification of complex 
two-dimensional generic analytic polyhedra that possess noncompact auto- 
morphism group. Hence it seems appropriate to pose the following question 
here. 

Problem 4.6 Classify all non- generic analytic polyhedra with noncompact 
automorphism group. 

The main difficulty in this problem seems to lie in the question of how to 
adjust the scaling at a singular boundary point. 

4.3 A Digression on Finite Type 

It is a straightforward calculation (see |KRAlp to see that a strongly pseu- 
doconvex boundary point P is flat to order 2. That is to say, the maximum 
possible order of contact of the boundary at P with a one-dimensional com- 
plex analytic variety is 2. See Figure 4. It is useful in this subject to be able 
to generalize this concept. For simplicity in this subsection we restrict our at- 
tention to two-dimensional complex space. The entire story in all dimensions 
is sketched out in |KRAlj . 

Let Il = {z6 C™ +1 : p(z) < 0} be a smoothly bounded domain and fix 
a point p e dQ. Let V be a nonsingular, one-dimensional complex analytic 
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variety that passes through p. Then the order of contact of V with dQ at p 
is the greatest positive integer k such that 

\p(z)\ < C ■ \z - p\ k 

for z G V near p and some constant C > 0. We say that P is of finite 
geometric type in the sense of Catlin/D'Angelo/Kohn if there is an upper 
bound m on the order of contact of analytic varieties with dfl at p. The 
least such integer m is called the type of the point p. As previously noted, a 
strongly pseudoconvex point is of type 2 (see [KRAI for the details). As a 
very simple illustrative example, for k a positive integer let 

E k = {z = {z 1 ,z 2 )eC 2 :\z 1 \ 2 +\z 2 \ 2k <1}. 

Then one may calculate (again see |KKA1| ) that any boundary point of the 
form (e* 9 , 0) is of finite type 2k. The notion of "type" is a means of measuring 
the flatness of the boundary in a complex analytic sense. One of the most 
important facts about finite type in complex dimension 2 is that the geo- 
metric definition given here is equivalent to an analytic definition involving 
commutators of vector fields. To wit, we may assume by a normalization of 
coordinates that dp/dz\(jp) ^ 0. Define the vector field 

L = — (p) — - —Op) — 
dz\ dz2 dz2 dz\ 

Then L is a tangential holomorphic vector field near p (because Lp = 0). A 
first-order commutator is, for us, an expression of the form [L, L] = LL — LL. 
A second-order commutator is the commutator of L or L with a first-order 
commutator. And so forth. We say that p is of analytic type m if any 
commutator of order not exceeding m— 1 has no complex normal component 
but that some commutator of order m does has a complex normal component. 
It is a fundamental result of Kohn KOHj (generalized to higher dimensions 
by Bloom and Graham |BLG| ) that the boundary point p is of finite geometric 
type m if and only if it is of finite analytic type m. 

One immediate consequence of this characterization is the semicontinuity 
of type: If p G dQ is a point of finite type m then there is a small boundary 
neighborhood U of p so that all point of U are of finite type not exceeding 
m. In complex dimensions greater than 2, this semicontinuity (as stated 
here) fails. But there is a substitute result that was proved by D'Angelo in 
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any event, it follows from these results that if £1 is smoothly 
bounded and if each point of dQ is of finite type, then there is an upper 
bound M so that the type of every boundary point does not exceed M. 
In deep work [DIF , Diederich and Fornaess showed that any domain with 
real analytic boundary, in any complex dimension, is of finite type. Thus 
domains with real analytic boundary form an important class of examples 
in this subject. (We recommend the readers to read an alternative proof by 
D'Angelo in |DAN2| .) It is perhaps instructive to contrast such a domain 
with a boundary that is Levi flat. Such a boundary is foliated by complex 
analytic varieties, so that one sees immediately that each boundary point is 
of infinite type. The provenance of the concept of finite type was the study 
of the <9-Neumann problem (see [KOHJ). Since that time, finite type has 
assumed a rather prominent position in function theory, mapping theory, 
and related areas. See |DANlj . |DAN2j for a full account of this central idea. 

4.4 A Theorem of Bedford-Pinchuk 

In the preceding sections, we discussed domains with noncompact automor- 
phism group in the extreme cases when the boundaries are either strongly 
pseudoconvex or Levi flat. The intermediate concept, called the boundary of 
finite type in the sense of Catlin/Kohn/D'Angelo, encompasses a large class 
of weakly pseudoconvex domains with smooth boundary. We now present 
the following theorem pertaining to this class. 

Theorem 4.7 (Bedford-Pinchuk jBEPli ) A bounded pseudoconvex domain 
flCC 2 having real analytic boundary and admitting noncompact automor- 
phism group is biholomorphic to 

E m = {{z, w) e C 2 : \z\ 2 + \w\ 2m < 1} 

for some positive integer m. 

In fact some unpublished remarks of David Catlin show that the hypoth- 
esis "real analytic" may be weakened to "finite type". It should be also 
mentioned that Bedford and Pinchuk have extended the above theorem to 
broader classes of domains. Before discussing the proof of this theorem, we 
remark that several generalizations of this theorem have been carried out, 
mostly by Bedford and Pinchuk. See jBEPlj . |BEP2| . jEEEj for precise 
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results. In particular Bedford and Pinchuk can prove results in higher di- 
mensions with certain restrictions such as convexity. However, we shall focus 
on the original proof, as it reflects the essential methods for this case. 

Sketch of the Proof of Theorem 4.7. The noncompactness of Aut Q 
again implies the existence of (fj G Aut Q, p G dQ and q G Q such that 
lim^oo <fj(q) = p. Then one may choose a holomorphic local coordinate 
system (z, w) such that p becomes the origin, and such that there exists an 
open neighborhood U of the origin in which the domain Q is represented by 
the inequality 

Rew > H(z) + R(z,w) 

where: 

(i) H(z) is a homogeneous subharmonic polynomial in z, z of degree 2m 
without harmonic terms. Here m is a positive integer, and 

(ii) R(z,w) = o(\z\ 2m + \lmw\). 

Then it follows by a careful application of the scaling method that Q is 
biholomorphic to the domain 

M(Q,p) = {(z,w) G C 2 : Rew > H(z)}. 

For a detailed argument a useful reference other than the original paper by 
Bedford-Pinchuk is the theorem on p. 620 of |BERj by Berteloot. At this 
juncture, we simply use the fact that the mapping (z, w) t— > (z, w + it) is 
an automorphism of M(Q,p) for every t G R. This produces a noncompact 
one-parameter subgroup of automorphisms, say ip t , for Q. But then Bedford 
and Pinchuk showed that there exists a boundary point p' G dQ such that 

lim ipJz, w) = p 

t— >±oo 

for every (z, w) G Q. Furthermore they show that this turns into a smooth 
parabolic holomorphic vector field action at p' on the boundary of Q. The 
next step is to establish that this parabolic orbit by this one-parameter family 
of automorphisms is not too tangent to the boundary; in fact it is shown in 
[BEP1] that the order of contact is at most quadratic. Then we use this 
parabolic orbit to scale Q again. This will again yield that the original 
domain Q is biholomorphic to the domain M(Q,p') defined by 

Rew > ^(z) , 
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where ^ is a homogeneous subharmonic polynomial in z, z of an even degree, 
say 2£. But this time the important thing is that the one-parameter action 
from Q survives in the domain M(Q,p'). This introduces a further restriction 
to ^f(z) and eventually forces that ^(z) = \z\ 2e , yielding the desired conclu- 
sion. □ 

As one can see from the proof, the assumption that Q has global smoothness 
(indeed, real analyticity) and finite type is essential, as one does not know 
where p' will be located in dfl. Attempts to obtain the same conclusion 
from the weaker assumption that dQ is real analytic of finite type at the 
initial orbit accumulation point p cannot be successful, as there are obvious 
counterexamples such as the one defined by Re^o > |-2i| 8 + 2Re zfzf, for 
instance. 



5 The Greene-Krantz Conjecture 

The classification program for domains with noncompact automorphism group 
is far from being complete, even for the case of very smooth, or piecewise 
smooth, boundaries. On the other hand, it seems natural at this juncture to 
mention the following outstanding conjecture by Greene and Krantz: 

Conjecture 5.1 Let Q be a bounded domain in C n+1 with C°° boundary. 
If there exists a sequence <p v of automorphisms of Q and a point q G Q such 
that the orbit ip u (q) accumulates at a boundary point p of Q, then p is of 
hnite type in the sense of D'Angelo/Catlin/Kohn. 

The full conjecture is still open. The purpose of this section is to introduce 
some partial results supporting the conjecture, discovered by means of the 
scaling method. The first partial result we mention here is the following 
reformulation of Theorem 14.51 

Proposition 5.2 Let Q be a bounded, convex domain in C n+1 with a bound- 
ary point p G dQ admitting an open neighborhood U such that dQ D U is 
Levi flat at every point. Then no automorphism orbit of Q can accumulate 
at p. 

The basis for this proposition is as follows: If there were an automor- 
phism orbit accumulating at p, then Theoren 14. 51 from the hypothesis implies 
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that f2 is biholomorphic to the product of a convex domain and the open 
unit disc. Therefore, Q is a (trivial) fiber space over Q. A theorem of A. 
Huckleberry ( |HUCj ) says that this cannot be biholomorphic to a bounded 
domain with a strongly pseudoconvex boundary point. Since any bounded 
domain with entirely smooth boundary must admit 6 a strongly pseudoconvex 
boundary point, it leads us to a contradiction. Thus the proposition follows 
immediately. □ 

It should be observed that an infinite type boundary point need not ad- 
mit a neighborhood in which every boundary point is of infinite type (conse- 
quently Levi-flat). A primary example is given by the origin for the domain 
defined by 



Indeed, Greene and Krantz demonstrated the following, when they posed the 
aforementioned conjecture: 

Proposition 5.3 The automorphism group of the domain in C 2 defined by 

\z\ 2 + 2exp (-M~ 2 ) < 1 

is compact. In particular, there is no automorphism orbit accumulating at 
any boundary point (e te , 0), of infinite type. 

The original proof of this proposition exploited the fact that the domain 
in consideration is Reinhardt, admitting full rotational symmetry. However, 
it turns out that, for the purpose pertaining to the Greene-Krantz conjecture, 
the obstruction against the existence of automorphism orbits accumulating 
at the point of such exponential infinite type boundary point is purely local. 
Consider the following result. 

Theorem 5.4 (Kim/Krantz KIKl]) Let Q be a domain in C 2 with a bound- 
ary point p which admits an open neighborhood U and an injective holomor- 
phic mapping ^ : U — > C 2 such that ^f(p) = (0, 0) and 



6 Consider the function f(x) = \\x\\ that represent the Euclidean distance between the 
origin and the point x 6 f2. Since f2 is compact, the function f(x) assumes the maximum, 
at a boundary point p, say, of f2. Then dQ has a sphere contact at p so that the whole 
domain O is included in the sphere. Then p is in fact a strongly convex (hence, strongly 
pseudoconvex) boundary point. 




$(UnO) = {(z,w) e V(U) : Rew > ip(\z\)} 
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where tj) : K — > R is a C°° smooth function satisfying: 

(i) if) is C°° smooth. 

(ii) ip(t) = 0, Vt < 0, and ^"(t) > 0, Vt > 0. 

(ifij) ^(t) = exp(— fi(t)~ l ) for some fi(t) that is a non-negative smooth func- 
tion vanishing to a finite order at t = 0. 

Then there is no holomorphic automorphism orbit of Q accumulating at p. 

Sketch of the Proof. The detailed argument of the proof given in |KlKlj is 
long and tedious. On the other hand, the key ideas are as follows. Expecting 
a contradiction, assume to the contrary that there is an automorphism orbit 
<p v (q) converging to p. Then apply the scaling technique to the domain Q. 
Calculations show that the scaled limit domain is biholomorphic to one of 
the following domains: 

(i) the open unit ball B in C 2 , 

(i) the open unit bidisc D = {(z, w) G C 2 : \z\ < 1, \w\ < 1} 

(i) the domain T = {(z,w) G C 2 : Rez > exp(Retu)}. 

These three domains occur depending upon the tangency of the orbit ip v (q) 
to the boundary. If the orbit is very tangential to the strongly pseudoconvex 
part of the boundary, then the first possibility appears. If the orbit is not 
so tangential to the boundary, than the bidisc shows up as the limit domain 
of the scaling process. The appropriate intermediate exponential tangency 
of the orbit to the strongly pseudoconvex part of the boundary produces 
the 3rd possibility. Now notice that the convergence of scaling (see |KIKlj ) 
implies that the original domain Q has to be biholomorphic to one of the 
domains listed above. But none of these possibilities can occur. In the first 
case, the domain Q should be homogeneous, as the ball is. Then one may 
choose a non-tangential sequence of automorphism orbit accumulating at p. 
Then scaling will show that the domain Q is biholomorphic to the bidisc. 
This shows that the the domain Q is biholomorphic to both the ball and the 
bidisc. This contradicts the theorem of Poincare which says that there does 
not exist any biholomorphism between the ball and the bidisc in complex di- 
mension two. For the second case, a mirror-image argument implies the same 
kind of contradiction. The third case is much the same. Since the domain 
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T contains a real 3- dimensional subgroup without fixed points, one finds an 
automorphism orbit of Q that is either non-tangential to the boundary or 
very tangential to the line of boundary points of infinite type. In either case, 
one gets the bidisc as the new scaled limit. Then one arrives at a contradic- 
tion as before. This, altogether, contradicts the theorem of convergence of 
Pinchuk's scaling method for the convex case (See |KlKlj . stated as Propo- 
sition 3.2 in Section 3.3.). Therefore one is led to the conclusion that there 
are no automorphism orbits in Q accumulating at p, as claimed. □ 

Digressing slightly, it is worth observing the following results of J. Byun 
(jBYl], jBY2]): 

Theorem 5.5 (Byun) Let Q be a domain in C 2 . Assume that there exists 
a point p G dQ admitting an open neighborhood U in C 2 satisfying the 
conditions 

(1) the boundary dfl is C°° , pseudoconvex, and of finite type in U, and 

(2) the D'Angelo finite type of dQ at p is strictly greater than that of other 
points in dQ PI U. 

Then there do not exist any automorphism orbits in Vt accumulating at p. 

Notice that this in particular implies 
Corollary 5.6 (Byun) The Kohn-Nirenberg Domain 

15 

Q, = {(z,w) G C 2 : Rew + \zw\ 2 + \z\ s + — 1^| 2 Rez 6 < 0} 

has no automorphism orbit accumulating at the origin (0, 0). 

In the case that the automorphisms extend to the boundary, one can 
say more about the Greene-Krantz conjecture. Recent articles |LANj by M. 
Landucci and |BYG| by J. Byun and H. Gaussier show the following: 



If a domain satisfies Condition R of Bell (that the Bergman pro- 
jection maps C°°(fl) to itself — see L KRA3[), if a straight line seg- 
ment of positive length lies in its boundary and if each point of 
the segment is convexifiable and of minimum type (here infinite 
type is allowed), then none of the point on the segment can be 
an orbit accumulation point. 
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Despite such encouraging and supporting evidences, the most general 
case of Greene-Krantz conjecture still awaits a solution. At the same time 
we would like to pose the more restricted problem: 

Problem 5.7 Let Q be a bounded domain in C n+1 , for some n > 1, with 
C°° smooth boundary. Then can one show that an isolated infinite type 
boundary point cannot be an orbit accumulation point? 



6 Asymptotic Behavior of Holomorphic In- 
variants 

6.1 Boundary behavior of the Kobayashi and Caratheodory 
metrics 

Methods of scaling have been used to study the boundary asymptotics of 
invariant metrics on strongly pseudoconvex domains in C" +1 . In what follows, 
if Qi, Q 2 are domains then we let Q 2 (Qi) denote the collection of holomorphic 
mappings from Qi to Q 2 . As usual, D denotes the unit disc in C. We begin 
by defining two important invariant metrics in complex Finsler geometry 
(for background and details, see |KRAlp . These should be thought of as 



generalizations of the Poincare metric from the disc to more general domains. 



Definition 6.1 If f2 C C n+1 is open, then the infinitesimal Caratheodory 
metric is given by Fq ■ x C n+1 — > 1R where 

Fc(z>£)= sup \f m (z)£\= sup 

/eB(«) /es(n) 
/O)=o /(*)=o 

Definition 6.2 Let Q C C n+1 be open. Let e x = (1,0,..., 0) G C n+1 . 
The infinitesimal form of the Kobayashi /Roy den metric is given by Fk '■ 
ft x C n+1 -> R, where 

F K (z,£) = wf{\a\ : 3/ e Q(B) with /(0) = z, (/'(0)) (ej) = £,/a}. 
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Some alternative definitions are available. For instance the following in- 
variant form is known: 



F K (z,Z) = inf{ 



lei 



l(/'(o))( ei )| 

/ G £l(B), (/'(0))(ei) is a constant multiple of £ j. 



Very little was known about these metrics — except for rather abstract 
generalizations — until the seminal work of Ian Graham in 1975 (see |GRAJ). 
His basic result is this: 

Theorem 6.3 (I. Graham) Let Q CC C n+1 be a strongly pseudoconvex 
domain with C 2 boundary. Fix P G dfl. Let £ G C" +1 , and write £ = £t + 
£at, the decomposition of £ into complex tangential and normal components 
relative to the geometry at the point P. Let p be a dehning function for Q 
normalized so that |Vp(P)| = 1. Let T a (P) be a non-tangential approach 
region at P. If F represents either the Caratheodory or Kobayashi/Royden 
metric on Q then 

M U^ pdnW .F(,,0 = i|U|. 

Here \ \ denotes Euclidean length and (1q(x) is the distance of x to the 
boundary of Q. If £ = £r is complex tangential, then we have 

hm y/MZj-F(z,t) = lc{t,t), 



where 



n O o 

£(f,f)=E " 



, n dzjdz k 



p 



for £ = (£oj • • • j £n)- Such C is called the Levi form for the defining function 
P- 

Graham's proof is based upon an intricate local analysis with uniform 
estimates on the d operator. Later, it has turned out that the proof using 
the scaling methods are easier to understand and gives finer analysis. Such 
subsequent analyses are found in |MXj . |FT7] . jBOASYj . |EEE] . jALAj . and 
others. Here we present S. Lee's refinement and proof by the scaling method. 
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Theorem 6.4 (S. Fu, D. Ma, S. Lee) Let fl be a bounded domain in C n+1 
with a C 2 smooth, strongly pseudoconvex boundary. Let Fq(p,£) denote 
either the Caratheodory or Kobayashi metric of fl for £ G T p fl = C n+1 . For 
each g G O sufficiently close to the boundary of fl, choose a boundary point 
p G dfl that is the nearest to q. Then it holds that 

^\\2^mj) + dp) )' F °W>t) 

where: 

(1 ) d(q, dfl) is the distance between q and dfl, 

(2) £jv,p and £t,p denote the normal and the tangential components to dfl 
at p of the vector £, understood by a parallel translation as a vector at 
p G dfl, and 

(3) Lgn^p represents the normalized Levi form of dQ at p. 

Notice that this result analyzes the asymptotic boundary behavior of the 
Caratheodory and Kobayashi metric in all directions, without restricting the 
trajectory of the point q as it approaches the boundary dQ. Moreover, this 
shows that the Caratheodory and Kobayashi metrics are asymptotically Her- 
mitian. 



bf Sketch of the proof. Lee's proof proceeds following the scaling method. Let 
fl and p G dfl be as in the hypothesis of Theorem. Following the original work 
of Graham iGrTX] , one first observes that there exists an open neighborhood 
U of p for which one has 

as q approaches p. Then, shrinking U if necessary, apply the scaling method 
to fl fl U. With the dilatation sequence associated with q above, which is the 
centering map followed by a stretching map Aj = Lj o Aj, one sees that the 
following hold: 

(1) With an appropriate fixed Cayley transform (a linear fractional trans- 
formation) $, the sequence of domains 3>oAj-(flnZ7) converges normally 
to the open unit ball. 
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(2) $ o Aj(q) = for every j. 

Therefore, by the invariance and interior stability properties of the Kobayashi 
and Caratheodory metrics, one sees that 



Now a careful analysis of the last term yields the desired conclusion. See 



One easily sees in this method that strong pseudoconvexity is not a re- 
stricting factor for this type of analysis. Indeed, Lee in the same paper 
showed how to analyze the boundary behavior of such metrics in a domain 
with an exponentially flat, infinite type boundary. 

6.2 Boundary Behavior of the Bergman Invariants 

The role of the dilatation sequence in the preceding section is two-fold: 

(1) It turns the boundary limiting behavior problem into an interior sta- 
bility problem. 

(2) The normal convergence limit of the sequence of sets becomes generally 



Therefore study of boundary behavior of several holomorphic invariants can 
be handled through scaling as long as they are localizable and have interior 
stability. 

Thus it is natural to reprove and refine the celebrated theorem of Klem- 
beck |KLEj on the boundary behavior of Bergman curvature in the strongly 
pseudoconvex domain by scaling. 

The Bergman kernel, metric and curvatures have to be introduced. For a 
bounded domain Q in C n+1 , we consider the square integrable holomorphic 
functions 



Fnnu(q,0 = *W,(nnc/)(0,d[$ ° ^j}g(0) 
~ Fb(0, d[<3> o Aj] q (^)). 



[LEE] for the detailed analysis. 



□ 



simple. 



A 2 



(Q) = {/ : Q — > C : holomorphic, 
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where dp, denotes the standard Lebesgue measure for C™ +1 . It is obviously 
a linear subspace of the Lebesgue space L 2 (Q). It follows by the Cauchy 
estimate that A 2 (Q) is a Hilbert space. Moreover, it is a separable Hilbert 
space with respect to the standard L 2 inner product. 

Let z be a point in Q. Consider the point evaluation map 

y z : A 2 (Q) -> C 

defined by ^ z {f) = f{z). The Cauchy estimates imply that this is a bounded 
linear functional. Consequently, the Riesz representation theorem implies 
that there exists a holomorphic function k z G A 2 (Q) such that 

*,(/)= / /(C)MO^(C) 

Jn 

for every / G A 2 (Q). Let ifn(^, C) := MO f° r ( Z X) G x £1 It is known 
that the function satisfies the following properties: 

(i) Kq(z, () is holomorphic in z = (zo, . . . , z n ) and conjugate holomorphic 
in C = (Co, ...,Cn)- 

(ii) K n (z,C) = K a (C,z). 

(iii) f(z)= [ K(z,C)f(C) d^(0 ior every f e A 2 (n). 

The function Kq is the celebrated Bergman kernel function for Q. Bergman 
showed that the bilinear form 

<A d 2 log K n (z,z) 
& = ^—d^— p dZs ® dZk 

j,k=0 J 

defines a positive definite Hermitian form on the tangent space at p for Q. 
This is the Bergman metric. Following the formalism in differential geometry 
this metric admits various concepts of curvatures including the notion of 
holomorphic sectional curvature. 

Now we are ready to present the main theorem of this subsection. 

Theorem 6.5 (Klembeck, Kim, Yu) Let Vibe a bounded domain in C n+1 
with a boundary point p G dQ. Denote by S(q,£) the holomorphic sectional 
curvature of the Bergman metric of Q at q G Q in the direction £ G T q Q. If 
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there exists an open neighborhood of p in C n+1 such that dQ is C 2 strongly 
pseudoconvex at every point in dQ D U, then 

A 

lim S(q,£) 



nsg^p n + 2 

Sketch of the proof. It seems appropriate to point out that the number 
— 4/(n + 2) is actually the holomorphic sectional curvature (from here on, 
we shall simply say holomorphic curvature) of the Bergman metric at the 
origin of the unit ball B in C n+1 . Therefore Klembeck's theorem simply says 
that the holomorphic curvature of a bounded domain is asymptotically the 
holomorphic curvature of the unit ball at the origin, as the reference point 
approaches a strongly pseudoconvex boundary point. Originally, Klembeck 
proved the above stated theorem with the stronger assumption that the do- 
main has C°° strongly pseudoconvex boundary. He needed such a strong 
assumption because he used the celebrated asymptotic expansion formula of 
C. Fefferman for the Bergman kernel function. The improvement by Kim 
and Yu is in that they avoided using Fefferman's formula by exploiting the 
convenience of the scaling method for this type of problems, and that as a 
consequence they could prove the theorem with C 2 smoothness, the optimal 
regularity assumption for strong pseudoconvexity. 

The actual arguments by Kim and Yu proceed much along the line of 
scaling methods demonstrated above. (In fact, this type of using the scaling 
methods to study asymptotic behavior of holomorphic invariants started with 
this problem in |KI4j . See |KIYj for further developments. Note also that 
Klembeck's result gives another way to prove Wong-Rosay theorem.) 

With the notation in the theorem, we let q represent the general element 
of a sequence of interior points of Q approaching p. We shall proceed much 
in the same way as in the scaling proof of Graham's theorem in Section 6.2. 

First one localizes the problem. Namely, for the sequence of non-zero tan- 
gent vectors £ g € T q Q, one needs to establish that for any open neighborhood 
V of q, there exists an open set U with p 6 U C V such that the relation 

Sn(q;Q ~ Ssmu(q;€q) 



holds as q approaches p. This was done in |KIYj in detail (see also |KILj ) 



using two classic results: the representation of the holomorphic curvature of 
the Bergman metric by the minimum integrals and the L 2 estimates of d 
operator by Hormander. It should be mentioned that the argument by Kim- 
Yu does not use any regularity of the boundary but uses only the existence 
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of holomorphic peak functions at p and the pseudoconvexity of the domain 
Q in consideration. 

Then the next step is to change the holomorphic coordinates, by a bi- 
holomorphism ip of U onto an open ball U in C n centered at the origin 
with an appropriate radius, such that ip(p) = and 

V>(firw) = {zeU: 

Rez Q > \z \ 2 + . . . + \z n \ 2 
+o{\z \ 2 + . . . + \z n \ 2 )} . 

Let q — ip(q). Note that q approaches the origin now. Then on ip(Qr\U) 
with q, let us build the centering map Ag, the stretching map Lg and hence 
the scaling map Ag = Lg o Ag. 

Now observe that the sequence of sets Ag(ijj(Q D U)) converges normally 
to the Siegel half space S in C n defined by 

Rez > \ z i\ 2 + • • • + \z n \ 2 

and Ag{q) = (1,0,..., 0). 

Let $ be a standard Cayley linear fractional transformation that maps S 
bihomorphically onto the unit ball B such that $(1, 0, . . . , 0) = (0, . . . , 0). 

Since the holomorphic curvature of the Bergman metric is a biholomor- 
phism invariant, one immediately deduces that 

Ssi(q,€q) ~ S(mu(q,€q) 

= 5*oA q( nni/)($ o A,(g), d($ o A q )\ q (Q) 

~ S B (0,d(<!>OAg)\g(Q) 

4 

~n + 2 ' 

which is the conclusion of the theorem. □ 
It should be obvious at this point that using the same method one can 
study the boundary behavior of the Bergman metric as well as the kernel 
itself in several cases including, but not limited to, the strongly pseudoconvex 
domains. The interested reader may consult the articles such as BO ASYj . 
KILj and the references therein. 
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6.3 Boundary Asymptotics of the Poisson Kernel 



In the recent paper |KRA2j . Krantz uses a scaling method to derive results 
on the boundary asymptotics of the Poisson kernel on a bounded domain 
Q C ~R n+1 with C 2 boundary A typical result is 

Theorem 6.6 (Krantz) Let Q C ]R n+1 be a bounded domain with C 2 
boundary. Let P : Q x dQ —> M + be the Poisson kernel for Q. Let 
8(x) = Sn(x) denote the distance of x to dQ. Then there are constants 
Ci, c 2 > such that 

S(x) . S(x) , s 

c i • i ^ P ^ 02 ■ 1 4m • * 

F — y\ \x — y\ n+i 

It is worth mentioning that the scaling sequence here is isotropic, as the 
Laplace operator should be kept within the same conformal class. 



7 Scaling in Infinite Dimensions 

In recent years the complex function theory of infinite dimensions, particu- 
larly of Hilbert space, has received considerable attention. This new venue 
helps to put the classical finite-dimensional situation into new perspective, 
and offers many new challenges. We offer here one example of a result that 
can be proved by a scaling method, although it must be emphasized that 
many aspects of the classical arguments of Bun Wong and Rosay as well as a 
direct application of scaling methods fail in this context, and many of them 
require new ideas: 

Theorem 7.1 Let Q be a bounded, convex domain in a separable Hilbert 
space TC. Assume that Q admits a boundary point p e dQ at which 

(1) dfl is C 2 smooth and strongly pseudoconvex in a neighborhood of p, 
and 

(2) there exist q G and fj G Aut(tt) (j = 1,2,...) such that fj(q) 
converges to p in norm as j '• —>■ oo . 

Then Q is biholomorphic to the unit ball B = {2;G7i:||z||<l}. 

We do not include the detailed construction of the scaling sequence in 
infinite dimensions. The interested reader may consult the article by Kim- 
Krantz |KlK2j and also jKMAj . 
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8 Further Results 



It should be apparent by now that the scaling method is a powerful tool 
for studying the asymptotic behavior of holomorphic invariants as well as 
the non-compact orbits of a domain. At least it should be obvious that the 
scaling method is related to many other problems that have been open for 
some time and still need to be studied. 

8.1 Linearization of Holomorphic Maps 

Linearization is one of the traditional problems in function theory. The 
original problem is this: given a mapping from a subset (containing the 
origin) of a Euclidean space into another subset in the same space, can one 
find a new local coordinate system at the origin for the Euclidean space 
under consideration so that the original mapping becomes a linear map? 
Let us consider the case when the subset above is a domain, say Q, the 
Euclidean space is the complex space C n+1 and the map C n+1 is a 

holomorphic mapping preserving the origin. The linearization problem now 
is asking whether there exists a local biholomorphic mapping near the origin 
preserving the origin, say h, such that hofoh' 1 is the restriction of a complex 
linear mapping from C n+1 into itself. 

As studied earlier by Lattes, Poincare, Dulac and others (see |STEj and 
the references therein), one may ask whether there is a linear mapping L : 
C n+1 — > C n+1 such that the sequence ipj = L~ 3 ' o f 3 converges uniformly on 
compact subsets of U to an injective holomorphic mapping, as j tends to 
infinity. Here, f 3+1 = f 3 ' o / for each j = 1,2,.... Let f° denote the identity 
map. Let / = {f~ 1 ) k - If the answer to this last question is affirmative, let 
ij} = lim^oo L~ 3 o f 3 , Then it follows that 

if} = lim L~ J o f 3 

= L- 1 o( lim L- 3+1 o f- 1 ) o / 
= L -1 o^o/. 

This shows that ip o f o ip^ 1 = L, and hence the linearization problem is 
solved. 

Therefore a key question is this: 
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Does there exist a linear map L such that the sequence L 3 ' o f 3 
forms a normal family? 

In lieu of a complete explication of this problem, we begin by pointing 
out that one cannot help but notice the strong resemblance of this problem 
to the scaling method. The conditions for the convergence of the sequence 

of 3 have been studied extensively, from a time much earlier than the time 
of Pinchuk's initial studies of complex scaling method. For instance, in case 
the map / is a contraction, in the sense that each eigenvalue of the Jacobian 
matrix dfo at the origin has modulus less than 1, then the obstruction to the 
convergence is known — it comes down to a resonance relation, that is in fact 
a collection of finitely many algebraic equations between the eigenvalues of 
dfo. A typical result is that if the eigenvalues of df are free of resonance 
relations, then the sequence L~ J o f J form a normal family in a neighborhood 
of 0. Consequetly, the map / is linearizable. 

Focusing still on contractions, we consider the situation related to do- 
mains with non-compact automorphism group; this of course is one of the 
key subjects of the present article. Consider a real hypersurface M in C n+1 
passing through the origin 0. Let us assume that there exists a holomorphic 
mapping / defined in a neighborhood U of mapping U into C n+1 such that 

(A) /(0) = 0, 

(B) / is a contraction, 
and 

(C) / locally preserves M, i.e., f(M n U) C M. 

Now we ask whether / can be linearized. As one readily observes, we are 
asking whether the condition (C) can replace the resonance-free condition. 

In some sense, in case M is a real-analytic hypersurface that is strongly 
pseudoconvex and not locally biholomorphic to part of the sphere, then (C) 
does replace the resonance-free condition. (See |KRLj . |KISj . |EZHj . jSTEj .) 
But then it is not hard to deduce the following statement: 

Proposition 8.1 Let M be a germ of real-analytic hypersurface in C n+1 
passing through the origin. Assume also that M is strongly pseudoconvex. 
If there exists a local biholomorphism f of C n+1 defined in a neighbhorhood 
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of preserving the origin and mapping M to M, then M is biholomorphic 
to a germ at of the hypersurface defined by 

Rez = \zi\ 2 + . . . + \z n \ 2 . 

The proof follows by the linearization. We give a rough sketch only. 
Expecting a contradiction, let us assume that M is not biholomorphic to 
a germ of the quadratic surface described above. Then / is linearizable, 
as mentioned above. Let Rezo = p(z\, . . . , z n , Imzi) denote the defining 
relation of M. Let us assume, after a reduction, that / itself is linear. Now 
replace / by its Jordan canonical form. Roughly speaking, the components 
(/o, • • • , fn) of the map / will satisfy 

Re/o = p(Im/o,/i,...,/„). 

Notice that / is almost a diagonal linear map with the moduli of the eigen- 
values all less than one. Give weights to the variables, so that the weight for 
zq is 2, and the weight of ze is 1 for I = 1, . . . , n. Therefore an iteration of 
this process will imply that all the monomial terms in the Tayler expansion 
of p with degree higher than 2 must vanish. This is strongly analogous to the 
scaling method described earlier in this paper. But then the conclusion is 
that M has to be defined by a quadratic equation. Since any strongly pseu- 
doconvex hypersurface defined by a quadratic equation with the prescribed 
weight has to be linearly biholomorphic to part of sphere, we have arrived at 
a contradiction. □ 

This line of investigation gives rise to a number of interesting questions. 
Notice in particular that the preceding proposition gives a short and simple 
proof to part of following theorem (see the discussion following for terminol- 
ogy): 

Theorem 8.2 (R. Schoen jSCHj ) Let M be a C°° strongly pseudoconvex CR 
manifold of hypersurface type. If a point p G M admits aCR automorphism 
f of M such that lim^oo fi (q) = p for every point on M except possibly one 
point, then M is CR equivalent to the sphere or the sphere minus one point. 

The concept of abstract CR manifold, of hypersurface type or of more 
general type, requires a precise introduction. We refer to fBOGl for details. 
Nevertheless, it is not so difficult to picture what a CR manifold of hyper- 
surface type should be. First consider a smooth real hypersurface M (of real 
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dimension 2n + 1) in C n+1 . For each p e M, the real (extrinsic) tangent 
space T p M contains complex n dimensional complex vector subspace in it. 
This gives rise to a subbundle T> of TM with complex fibers, with real rank 
1 transversal distribution. Implementing this type of bundle with some con- 
ditions called integrability in an abstract way formulates the concept of CR 
manifold. See [BOG]. Further, it is also possible to define the Levi form 
from this abstract setting, and hence the concept of strongly pseudoconvex 
CR manifold of hypersurface type. Due to the famous embedding theorems 
of strongly pseudoconvex CR manifolds of hypersurface type, except for the 
case of dimension 3 or 5, the abstract strongly pseudoconvex smooth CR 
manifolds of hypersurfaces type are locally equivalent to smooth strongly 
pseudoconvex CR hypersurfaces in a complex Euclidean space. (See |KURj . 
HEU, |WEB2j and |NlR"j .) 

Continuing discussions from the above-stated theorem of Schoen, we feel 
that it is natural at this juncture to pose the following: 

Problem 8.3 Let M be a C°° smooth, strongly pseudoconvex CR hyper- 
surface of C n+1 passing through the origin, not locally biholomorphic to a 
sphere. If there is a local biholomorphic mapping f of C n+1 preserving the 
origin and the surface M, then show that f is linearizable. 



8.2 CR Hypersurfaces with Special CR Automorphisms 

We shall continue with the discussion above. Focusing more on CR hyper- 
surfaces, it may be appropriate to point out that non- degeneracy of the Levi 
form (which is often called Levi non-degeneracy) is a more natural concept 
than strong pseudoconvexity, at least for the CR hypersurfaces. Then the 
representative model for such Levi non-degenerate hypersurfaces should be 
hyperquadrics. On the other hand, it turns out that the existence of a con- 
tracting holomorphic map that preserves the CR hypersurface is a condition 
not in general restrictive enough to conclude that the CR hypersurface with 
a contracting holomorphic automorphism must be biholomorphic to a hy- 
perquadric. A correct condition has been found by Kim and Schmalz in 
jETS] , 

Call a local biholomorphic map / at preserving a CR hypersurface germ 
M at in C n+1 a CR hyperbolic automorphism of M if dfo is expanding along 
the normal direction to M while dfo is contracting along a complex tangential 
direction. Then one has the following result. 
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Theorem 8.4 (Kim/Schmalz) Let (M, 0) denote a germ of a real- analytic 
Levi non-degenerate hypersurface at in C n+1 (n > 2). If M admits aCR hy- 
perbolic automorphism, then M is biholomorphic to a germ of hyperquadric 
in C n+1 . 

Again, it is expected that the C°° version (or even C 2 ) of this theorem 
should be true, but the more general result remains open at this time. 

8.3 Existence of a One-parameter Family of Automor- 
phisms 

Another interesting problem (communicated to us by Wu-Yi Hsiang) that is 
closely related to the subject of this article is as follows: 

Question 8.5 Let Q be a bounded domain in C n+1 with C°° boundary. If 
there exists a sequence ip u of automorphisms of ft and a point q e fl such that 
the orbit ip u (q) accumulates at a boundary point p of Q, then does the holo- 
morphic automorphism group Aut Q contain a noncompact one-parameter 
subgroup? 

Recall that the scaling method (when it applies) usually finds that the 
given domain is biholomorphic to a domain represented by an inequality of 
type 

Rez > ip(z x , z n ). 

Hence there is a 1-parameter translation automorphism subgroup along the 
Im^o direction. So the answer to the above question is positive in several 
cases listed below in which the scaling sequence always converges to a nice 
domain having such a translation and/or dilation: 

• Q is convex and Kobayashi hyperbolic (but the boundary need not be 
smooth (see |FRA] . [EE])); 

• Q is a subdomain of C 2 and bounded, or if Q C C 2 is defined by a 
pluri-subharmonic defining function, say p, with j Q dd! log ip = +oo 
(see jBERj). 

Since the convergence of scaling in the general case is quite difficult, 
it seems reasonable to appeal to a different viewpoint. In particular, we 
present a recent result that has exploited the circle of ideas surrounding the 
linearization problem described above. 



40 



Theorem 8.6 (K.T. Kim/S.-y. Kim) Let Q be a bounded pseudoconvex 
domain in C n+1 with a real-analytic boundary, and with no non-trivial com- 
plex analytic variety. If there exists f G Aut (fl) such that f(p) = p for some 
p G dQ and such that f is a contraction at p, then dim^ Aut Q > 2. 

Before sketching the proof, we point out that the recent result by K. 
Diederich and S. Pinchuk on the reflection principle ( DIP ) implies that 
every holomorphic automorphism of such Q extends holomorphically across 
its boundary (see also [HUANJ. Hence the assumption that / should belong 
to Aut pi) is not so restrictive in this case. 

Now, we sketch the proof. The argument is computational, and is rather 
intricate and involved. However, the nub of the proof is that / can be lin- 
earized to a diagonal matrix unless the the boundary dQ near p is biholomor- 
phic to a CR hypersurface defined by a weighted homogeneous polynomial 
function. Then it is shown in |KI3j that the linearizability again implies that 



the hypersurface has to be defined by a weighted homogeneous polynomial. 
Altogether, one can conclude from this, using normal families argument, that 
the domain Q is biholomorphic to a domain in C n+1 defined by a weighted 
homogeneous polynomial. But this latter domain admits two non-compact 
1-parameter families of automorphisms: dilation and translation. Thus the 
conclusion of the theorem is obtained. □ 

The study of automorphism groups is an instance of Felix Klein's Erlan- 
gen program. It provides an algebraic/geometric invariant for distinguishing 
and comparing domains in complex space or a complex manifold. It is prov- 
ing to be a powerful tool in many aspects of geometric analysis and function 
theory. Certainly the scaling method, which is an outgrowth of the theory of 
automorphism groups, is finding use in subjects ranging from partial differ- 
ential equations to differential geometry to complex variables. We hope that 
this exposition will spur further interest in this circle of ideas. 



41 



References 



[AKA] T. Akahori, A new approach to the local embedding theorem of 
CR-structures for n > 4 (the local solvability for the operator db 
in the abstract sense), Mem. Amer. Math. Soc. 67 (1987), no. 366, 
xvi+257 pp. 

[ALA] G. Aladro, The comparability of the Kobayashi approach region 
and the admissible approach region, Illinois Jour. Math. 33(1989), 
42-63. 

[BDA] E. Bedford and J. Dadok, Bounded domains with prescribed group 
of automorphisms, Comment Math. Helvetici 62(1987), 561-572. 

[BEL] S. R. Bell, Biholomorphic mappings and the <9-problem, Ann. 
Math. 114(1981), 103-113. 

[BELI] S. Bell and E. Ligocka, A simplification and extension of Fef- 
ferman's theorem on biholomorphic mappings, Invent. Math. 
57(1980), 283-289. 

[BEP1] E. Bedford and S. Pinchuk, Domains in C 2 with non-compact 
holomorphic automorphism group (translated from Russian), 
Math. USSR-Sb. 63(1989), 141-151. 

[BEP2] E. Bedford and S. Pinchuk, Domains in C n+1 with non-compact 
automorphism groups, J. Geom. Anal. 1(1991), 165-191. 

[BER] F. Berteloot, Characterization of models in C 2 by their automor- 
phism groups, Internat. J. Math. (5) 5 (1994), 619-634. 

[BLG] T. Bloom and I. Graham, A geometric characterization of points 
of type m on real submanifolds of C n+1 , J. Diff. Geom. 12(1977), 
171-182. 

[BOASY] H. Boas, E. Straube and J. Yu, Boundary limits of the Bergman 
kernel and metric, Michigan Math. J. (3) 42 (1995), 449-461. 

[BOG] A. Bogges, CR manifolds and the tangential Cauchy-Riemann 
complex, Studies in Advanced Mathematics, CRC Press, Boca Ra- 
ton, FL, 1991. 



42 



[BSW] D. Burns, S. Shnider, and R. O. Wells, On deformations of strictly 
pseudoconvex domains, Invent. Math. 46(1978), 237-253. 

[BY1] J. Byun, On the automorphism group of the Kohn-Nirenberg do- 
main, J. Math. Anal. Appl. 266 (2002), no. 2, 342-356. 

[BY2] J. Byun, On the boundary accumulation points for the holomor- 
phic automorphism groups. Michigan Math. J. 51 (2003), no. 2, 
379-386. 

[BYG] J. Byun and H. Gaussier, On the compactness of the automor- 
phism group of a domain, C. R. Math. Acad. Sci. Paris 341 (2005), 
545-548. 

[BYGK] J. Byun, H. Gaussier and K.T. Kim,Weak-type normal families of 
holomorphic mappings in Banach spaces and characterization of 
the Hilbert ball by its automorphism group. J. Geom. Anal. 12 
(2002), no. 4, 581-599. 

[CHM] S. S. Chern and J. Moser, Real hypersurfaces in complex mani- 
folds, Acta Math. 133(1974), 219-271. 

[DAN1] J. P. D'Angelo, Several Complex Variables and Geometry, CRC 
Press, Boca Raton, 1992. 

[DAN2] J. P. D'Angelo, Several Complex Variables and the Geometry of 
Real Hypersurfaces, CRC Press, Boca Raton, 1992. 

[DIF] K. Diederich and J. E. Fornaess, Pseudoconvex domains with real- 
analytic boundary, Annals of Math. 107(1978), 371-384. 

[DIP] K. Diederich and S. Pinchuk, Reflection principle in higher di- 
mensions. Proceedings of the International Congress of Mathe- 
maticians, Vol. II (Berlin, 1998). Doc. Math. 1998, Extra Vol. II, 
703-712 

[DUR] P. Duren, Univalent functions, Grundlehren der Mathematischen 
Wissenschaften 259, Springer- Verlag, 1983. 

[EJI] V. Ejov and A. Isaev, On the dimension of the stability group for 
a Levi non-degenerate hypersurface, Illinois J. Math. 49(2005), 
1155-1169. 



43 



[EZH] V. Ezhov, On the linearization of automorphisms of real analytic 
hypersurface (Russian), Izv. Akad. Nauk SSSR, Ser. Mat. (3) 49 
(1985), 731-765 

[FEF] C. Fefferman, The Bergman kernel and biholomorphic mappings 
of pseudoconvex domains, Inventiones Math. 26(1974), 1-65. 

[FRA] S. Frankel, Complex geometry of convex domains that cover , Acta 
Math. 163(1989), 109-149. 

[FU] S. Fu, Asymptotic expansions of invariant metrics of strictly pseu- 

doconvex domains, Canad. Math. Bull. 38 (1995), no. 2, 196-206. 

[GRA] I. Graham, Boundary behavior of the Caratheodory and 
Kobayashi metrics on strongly pseudoconvex domains in C n+1 
with smooth boundary, Trans. Am. Math. Soc. 207(1975), 219- 
240. 

[GRK1] R. E. Greene and S. G. Krantz, Deformation of complex struc- 
tures, estimates for the d equation, and stability of the Bergman 
kernel, Adv. Math. 43(1982), 1-86. 

[GRK2] R. E. Greene and S. G. Krantz, Characterizations of certain 
weakly pseudo-convex domains with noncompact automorphism 
groups, in Complex Analysis Seminar , Springer Lecture Notes 
1268(1987), 121-157. 

[GRK3] R. E. Greene and S. G. Krantz, Biholomorphic self-maps of do- 
mains, Complex Analysis II [C Berenstein, ed.), Springer Lecture 
Notes, vol. 1276, 1987, 136-207. 

[GRK4] R. E. Greene and S. G. Krantz, The automorphism groups of 
strongly pseudoconvex domains, Math. Annalen 261(1982), 425- 
446. 

[GRK5] R. E. Greene and S. G. Krantz, Invariants of Bergman geometry 
and the automorphism groups of domains in C n , Geometrical and 
Algebraical Aspects in Several Complex Variables (Cetraro, 1989), 
107-136, Sem. Conf., 8, EditEl, Rende, 1991. 



44 



[GRK6] R. E. Greene and S. G. Krantz, Geometric foundations for analysis 
on complex domains, Proc. of the 1994 Conference in Cetraro (D. 
Struppa, ed.), 1995. 

[HEL] S. Helgason, Differential Geometry and Symmetric Spaces, Aca- 
demic Press, New York, 1962. 

[HOR] L. Hormander, L 2 estimates and existence theorems for the 8 
operator, Acta Math. 113 (1965) 89-152. 

[HUA] L. K. Hua, Harmonic Analysis of Functions of Several Complex 
Variables in the Classical Domains, American Mathematical So- 
ciety, Providence, 1963. 

[HUAN] X. Huang, Schwarz reflection principle in complex spaces of di- 
mension two, Comm. Partial Differential Equations 21(1996), no. 
11-12, 1781-1828. 

[HUC] A. Huckleberry and K. Oeljeklaus, Classification theorems for al- 
most homogeneous spaces, Institut Elie Cartan, 9, Universite de 
Nancy, Institut Elie Cartan, Nancy, 1984. 

[IKR] A Isaev and S. G. Krantz, Domains with non-compact automor- 
phism group: A Survey, Advances in Math. 146(1999), 1-38. 

[ISK] A. V. Isaev and N. G. Kruzhilin, Effective actions of the unitary 
group on complex manifolds, Canad. J. Math. 54(2002), 1254- 
1279. 

[KI1] K.T. Kim, Domains in C n with a piecewise Levi flat boundary 
which possess a noncompact automorphism group, Math. Ann. 
292 (1992), no. 4, 575-586. 

[KI2] K.T. Kim, On the automorphism groups of convex domains in 
C n , Adv. Geom. 4 (2004), no. 1, 33-40. 

[KI3] K.-T. Kim and S.-y. Kim, CR hypersurfaces with a weakly- 
contracting automorphism, preprint. 

[KI4] K.-T. Kim, Asymptotic behavior of the curvature of the Bergman 
metric of the thin domains, Pacific J. Math. 155 (1992), no. 1, 
99-110. 



45 



[KIK1] K.-T. Kim and S. G. Krantz, Complex scaling and domains 
with non-compact automorphism group, Illinois Journal of Math. 
45(2001), 1273-1299. 

[KIK2] K.-T. Kim and S. G. Krantz, Characterization of the Hilbert ball 
by its automorphism group, Trans. Amer. Math. Soc. 354 (2002), 
no. 7, 2797-2818. 

[KKS] K.-T. Kim, S. G. Krantz and A. Spiro, Analytic polyhedra in C 2 
with a non-compact automorphism group, J. Reine Angew. Math. 
579 (2005), 1-12. 

[KMA] K.-T. Kim and D. Ma, A note on: "Characterization of the Hilbert 
ball by its automorphisms," [J. Korean Math. Soc. 40 (2003), no. 
3, 503-516; MR1973915]. J. Math. Anal. Appl. 309 (2005), no. 2, 
761-763. 

[KIL] K.-T. Kim and S. Lee, Asymptotic behavior of the Bergman kernel 
and associated invariants in certain infinite type pseudoconvex 
domains, Forum Math. 14 (2002), no. 5, 775-795. 

[KIP] K.-T. Kim and A. Pagano, Normal analytic polyhedra in C 2 with 
a noncompact automorphism group, (English. English summary) 
J. Geom. Anal. 11(2001), 283-293. 

[KIS] K.-T. Kim and G. Schmalz, Dynamics of local automorphisms of 
embedded CR- manifolds (Russian), Mat. Zametki 76 (2004), no. 
3, 477-480; translation in Math. Notes 76 (2004), no. 3-4, 443-44. 

[KIY] K.-T. Kim and J. Yu, Boundary behavior of the Bergman cur- 
vature in strictly pseudoconvex polyhedral domains, Pacific J. 
Math. 176 (1996), no. 1, 141-163. 

[KLE] P. Klembeck, Kahler metrics of negative curvature, the Bergmann 
metric near the boundary, and the Kobayashi metric on smooth 
bounded strictly pseudoconvex sets, Indiana Univ. Math. J. 27 
(1978), no. 2, 275-282. 

[KOB1] S. Kobayashi, Transformation groups in differential geometry, 
Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 70, 
Springer- Verlag, New York-Heidelberg, 1972. 



46 



[K0B2] S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, 
Marcel Dekker, New York, 1970. 

[KOH] J. J. Kohn, Boundary behavior of d on weakly pseudoconvex man- 
ifolds of dimension two, J. Diff. Geom. 6(1972), 523-542. 

[KRAI] S. G. Krantz, Function Theory of Several Complex Variables, 
American Mathematical Society, Providence, RI, 2000. 

[KRA2] S. G. Krantz, Estimation of the Poisson kernel, Journal of Math. 
Analysis and Applications 302(2005), 143-148. 

[KRA3] S. G. Krantz, Partial Differential Equations and Complex Analy- 
sis, CRC Press, Boca Raton, FL, 1992. 

[KRL] N. Kruzhilin and A.V. Loboda, Linearization of local automor- 
phisms of pseudoconvex surface (Russian), Dokl. Akad. Nauk 
SSSR, Ser. Mat. (2) 271 (1983), 280-282. 

[KUR] M. Kuranishi, Strongly pseudoconvex CR structures over small 
balls. III. An embedding theorem, Ann. of Math. 116 (1982), no. 
2, 249-330. 

[LAN] M. Landucci, The automorphism group of domains with boundary 
points of infinite type, Illinois J. Math. 48 (2004), no. 3, 875-885. 

[LAP] M. Landucci and G. Patrizio, Unbounded domains in C 2 with non- 
compact automorphisms group, Results Math. 42(2002), 300-307. 

[LEE] S. Lee, Asymptotic behavior of the Kobayashi metric on certain 
infinite-type pseudoconvex domains in C 2 , J. Math. Anal. Appl. 
256 (2001), no. 1, 190-215. 

[MA] D. Ma, Sharp estimates of the Kobayashi metric near strongly 
pseudoconvex points, in "The Madison Symposium on Complex 
Analysis, Madison, WI, 1991," pp. 329-338, American Mathe- 
matical Society, Providence, RI, 1992 

[MCN] J. McNeal, Personal communication. 



47 



[M0S1] J. Moser, Holomorphic equivalence and normal forms of hyper- 
surfaces, Differential geometry (Proc. Sympos. Pure Math., Vol. 
XXVII, Part 2, Stanford Univ., Stanford, Calif., 1973), pp. 109- 
112. Amer. Math. Soc, Providence, R. I., 1975. 

[MOS2] J. Moser, The holomorphic equivalence of real hypersurfaces, 
Proceedings of the International Congress of Mathematicians 
(Helsinki, 1978), pp. 659-668, Acad. Sci. Fennica, Helsinki, 1980. 

[MOW] J. Moser, S. Webster, Normal forms for real surfaces in C 2 near 
complex tangents and hyperbolic surface transformations, Acta 
Math. 150(1983), 255-296. 

[NRSW] A. Nagel, J. P. Rosay, E. M. Stein, and S. Wainger, Estimates 
for the Bergman and Szego kernels in C 2 , Ann. Math. 129(1989), 
113-149. 

[NAR] R. Narasimhan, Several Complex Variables, University of Chicago 
Press, Chicago, IL, 1971. 

[NIR] L. Nirenberg, Lectures on linear partial differential equations, 
Amer. Math. Soc, Providence, RI, 1973. 

[PIN] S. Pinchuk, The scaling method and holomorphic mappings, Sev- 
eral complex variables and complex geometry, Part 1 (Santa Cruz, 
CA, 1989), 151-161, Proc. Sympos. Pure Math. 52, Part 1, Amer. 
Math. Soc, Providence, RI, 1991. 

[ROS] J. P. Rosay, Sur une caracterisation de la boule parmi les domaines 
de C n par son groupe d'automorphismes (French), Ann. Inst. 
Fourier (Grenoble) 29 (1979), no. 4, ix, 91-97. 

[SAZA] R. Saerens and W. Zame, automorphism groups of domains, The 
isometry groups of manifolds and the automorphism groups of 
domains, Trans. Amer. Math. Soc. 301(1987), 413-429. 

[SCH] R. Schoen, On the conformal and CR automorphism groups, 
Geom. Fund. Anal. 5(1995), no. 2, 464-481. 

[STE] S. Sternberg, Local contraction and a theorem of Poincaree, Amer. 
J. Math. 79 (1957), 809-824. 



48 



[TAN] N. Tanaka, On non-degenerate real hypersurfaces, graded Lie al- 
gebras and Cartan connections, Japan. J. Math. (N.S.) 2 (1976), 
no. 1, 131-190. 

[WEB1] S. Webster, On the Moser normal form at a non-umbilic point, 
Math. Ann. 233(1978), 97-102. 

[WEB2] S. Webster, On the proof of Kuranishi's embedding theorem, Ann. 

Inst. H. Poincare Anal. Non Lineaire 6 (1989), no. 3, 183-207. 

[WIN] J. Winkelmann, Realizing connected Lie groups as automorphism 
groups of complex manifolds, Comment. Math. Helv. 79 (2004), 
no. 2, 285-299. 

[WON] B. Wong, Characterization of the unit ball in C™ by its automor- 
phism group, Invent. Math. 41 (1977), no. 3, 253-257. 

[WU] H. Wu, Old and new invariant metrics on complex manifolds, Sev- 
eral complex variables (Stockholm, 1987/1988), 640-682, Math. 
Notes 38, Princeton Univ. Press, Princeton, NJ, 1993. 



Kang-Tae Kim 

Department of Mathematics 

Pohang University of Science and Technology 

Pohang 790-784 The Republic of Korea 

(kimkt@postech . ac . kr ) 



Steven G. Krantz 

American Institute of Mathematics 
360 Portage Avenue 

Palo Alto, California 94306-2244 U. S. A. 
(skrantz@aimath . org) 



49 



